Due to the static magnetic field, the conductivity for graphene becomes a dispersive and anisotropic tensor, which complicates most modeling methodologies. In this communication, a novel equivalent circuit model is proposed for graphene with the magnetostatic bias based on the electric field integral equation. To characterize the anisotropic property of the biased graphene, the resistive part of the unit circuit is replaced by a resistor in series with current-controlled voltage sources (CCVSs). The CCVSs account for the off-diagonal parts of the surface conductivity tensor for the magnetized graphene. This proposed method is benchmarked with numerical examples. This communication also provides a new equivalent circuit model to deal with anisotropic materials.
I. INTRODUCTION
Graphene, a 2-D version of graphite, is a very promising material in emerging nanoelectric devices, such as transistors [1] , tunable terahertz (THz) antennas [2] , and surface plasmon waveguides [3] . The surface conductivity of atomic-thick graphene denoted as σ g (ω, μ c , t, T ) plays a pivotal role in the surface plasmon polariton, nanopatch antenna, and so on. σ g is a function of temperature T , chemical potential μ c (dependent on carrier density, electrostatic bias, and chemical doping), and relaxation time t. By dynamically tuning the surface conductivity, the propagation, polarization, radiation, and scattering properties of electromagnetic waves through graphene can be manipulated.
In order to model its gyrotropic effect, a 2-D graphene can be numerically characterized through the scalar conductivity [4] without the magnetic bias. Some numerical methods are emerging to deal with the scalar conductivity of graphene, such as the method of moments (MOM) [5] - [8] , finite-difference time-domain (FDTD) [9] method, and the partial element equivalent circuit (PEEC) method [4] . For the FDTD method, it turns the surface conductivity of graphene into the complex permittivity by dividing the thickness of graphene. Afterward, by applying 3-D meshes, the FD method can solve this 2-D geometry cumbersomely. For the integral-based algorithms, for example, the MOM method, it can directly implement the surface conductivity into the numerical process, but the physical process of how the magnetostatic field affects the properties of graphene is not clear, since this is a pure mathematical process. Among these numerical methods, PEEC [10] - [13] has its natural advantage over any other methods. It not only proposes an equivalent circuit model for graphene, which can capture the physical characteristics, but also it applies the surface conductivity graphene directly without involving volumetric meshes, which significantly reduces the time consumption and memory size.
However, with the bias by a static magnetic field, the surface conductivity of graphene becomes an anisotropic tensor [14] , [15] , which complicates the problem. Hence, the numerical methods have to settle the dispersive and anisotropic properties of graphene simultaneously. In [16] , an FDTD approach is developed by transforming the 2-D Drude-model surface conductivity of graphene into a volumetric tensor, and implementing it by using the auxiliary differential equation and the matrix exponential method. However, this method uses volumetric discretizations, which slows the computation.
In this communication, a novel circuit model based on the electric field integral equation (EFIE) is proposed to solve the anisotropy of magnetostatically biased graphene. In the equivalent circuit model, the diagonal elements of the surface conductivity tensor intrinsically correspond to the resistance of each inductive branch, which is the same as the unbiased scalar conductivity of graphene [4] . For the offdiagonal elements of the conductivity tensor, a new equivalent circuit model is developed to model the resistive characteristics by utilizing current-controlled voltage sources (CCVSs). The CCVSs are in series with the intrinsic resistors. To demonstrate our proposed method, several numerical examples are compared with the results from other numerical methods. These CCVSs in the circuit quantitively analyze how the magnetostatic field manipulates the electromagnetic characteristics of graphene. To the best of our knowledge, no literature has ever developed the equivalent circuit modeling for dispersive and anisotropic graphene structures. Beyond graphene, this communication also extends PEEC method from handling isotropic materials to anisotropic and dispersive materials.
The advantage of proposed new modeling process is: 1) the proposed method is more efficient than the volumetric-based graphene modeling method, such as FD [9] methods, since it does not need meshes along the thickness direction and 2) the proposed method has the potential to link the graphene EM modeling with lumped circuit components in practical applications, for instance, graphene antennas with nonlinear circuit components.
The remaining part of this communication is organized as follows. In Section II, the theory and formulations of the anisotropic conductivity tensor, and a brief introduction to the equivalent circuit method are addressed. In Section III, details of the new equivalent circuit method for anisotropic graphene are carefully demonstrated, including derivations of the x-and y-directional equivalent circuit model. Section IV investigates numerical examples to benchmark our proposed method. Conclusions are made at the end of this communication.
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II. THEORY AND FORMULATIONS

A. Derived Circuit Based on EFIE
According to the EFIE, the total electric field is the superposition of incident field and the scattered field. Hence, we have
Here, G(r, r ) is the full-wave Green's function, and σ is the conductivity of the material. Based on EFIE, a typical circuit model for an mth cell is depicted in Fig. 1 [10]- [13] . In Fig. 1 , R m , L p mm , Pp mm , and Pp m+1,m+1 are self-resistance, inductance, and self-coefficients of potential for the circuit model, respectively. They correspond to (J/σ ), j ωA, and ∇φ in (1), respectively. V C m(i) and V C m( j ) are the voltage-controlled voltage sources (VCVSs) due to mutual capacitive coupling between different capacitors. V L m(k) is the VCVS due to mutual coupling between L p mm and self-inductors in other cells.
The partial inductance between cell α and β and partial coefficient of potential between cell i and j can be represented as
where a is the area of the inductive cells, and S is the area of the capacitive cells.
B. Review of Nonmagnetized Graphene
In order to better understand the magnetized graphene, a PEEC model for nonmagnetized graphene [4] is reviewed. The surface conductivity of an infinite graphene film can be calculated as the intraband contribution
and the interband contribution given by
Here τ is the relaxation time, T is the temperature, μ c is the chemical potential, and H (ε) is defined as
The total conductivity is the summation of contribution from both intraband and interband. Hence Fig. 2 . One PEEC cell model for a nonmagnetized graphene patch, in which R r , L r , and Z inter are from surface conductivity. Lp mm , Pp ii , and Pp j j are self-inductance and self-coefficients of potential for PEEC model, respectively. V C i( j ) and V C j (i) are the VCVSs due to mutual capacitive coupling between two capacitors i and j. when the frequency is relatively low, the intraband contribution will be dominant. While for very high frequencies, the interband contribution will dominate the total conductivity.
A representative-derived PEEC cell circuit model for one graphene patch is illustrated in Fig. 2 .
C. Surface Conductivity Tensor for Magnetized Graphene
A graphene patch is placed in air, and a plane wave is linearly polarized along the length of the patch, which is illustrated in Fig. 3 .
In the presence of the static magnetic field, the surface conductivity of graphene becomes a tensor σ g [15] , [17] , which means that magnetized graphene is an anisotropic material. It satisfies σ xx = σ yy = σ d and −σ xy = σ yx = σ o . Based on this fact, the conductivity of the magnetized graphene is written as
According to the boundary condition on the graphene surface, we haven
where J surf is the surface current density on the graphene patch. The surface current density becomes
The surface conductivity is composed of both intraband and interband contributions. The intraband contribution dominates the surface conductivity in the THz frequency range, and so the proposed method in this communication can be applied using either rigorous or approximated formulations. The rigorous explicit expressions of σ d and σ o in (9) are [18] . For frequencies within THz band, the intraband term is dominant in the total conductivity. For simplicity, the expressions of σ d and σ o can be approximated by a Drude-like model [9] , which are
and
where T is the Kelvin temperature, t is the relaxation time, ω c is the cyclotron frequency, and v F = 10 6 m/s denotes the Fermi velocity. In this communication, intraband approximation of the conductivity (10) is applied for simplicity throughout this communication.
III. EQUIVALENT CIRCUIT MODEL FOR ANISOTROPIC MEDIA
A surface discretization is applied to represent current and charge distributions on an infinitely thin graphene sheet. By considering the tensor effect of the surface conductivity, a new circuit model can be derived for the magnetized graphene.
Assume that an infinitely thin graphene sheet is of the rectangular shape. Its surface discretization is shown in Fig. 4 [11] . The currents J x and J y are flowing on the graphene surface while the third current component J z is zero.
According to the superposition of electric field on a conducting plate
where E tot , E inc , and E sca are the total, incident, and scattered electric field, respectively. A and φ are vector and scalar potentials, respectively. Therefore
where ρ is the inverse of conductivity tensor σ g , and denotes resistivity of graphene. Hence, the total electric field is represented Fig. 5 .
x-directional graphene cell is studied first. Black big arrows: x-directional current. Red small arrows: y-directional currents. l x and l y denote the length and width of the inductive cell, respectively. The studied inductive cell (in shadows) has constant x-directional current density J x , and this inductive cell is distributed into four nearby y-directional inductive cells, whose current densities are J 1y , J 2y , J 3y , and J 4y , respectively. l 1x , l 2x , l 3x , and l 4x are the lengths of these current densities J 1y , J 2y , J 3y , and J 4y , respectively. by x and y components as follows:
Combing (14) and (15), we have the starting equations for circuit model derivations
A. x-Directional Resistive Cell
According to (16a), the resistive contribution ρ x x J x in isotropic media is changed to ρ x x J x + ρ xy J y . It means that the resistive effect in one direction comes from contributions of two directions. Unlike isotropic materials, magnetically biased graphene couples the currents of orthogonal directions in the lossy term. In order to get the resistive components of graphene, we need to check the two terms carefully.
For a surface cell, the surface current densities in x-and y-directions are defined as J x = I x /l y , J iy = I iy /l ix , i = 1, 2, 3, and 4. I x is the current in x-directional inductive cell, and I iy is the current of the ith y-directional inductive cell. l ix is the length of the ith y-directional inductive cell. The areas of four small cells are all l x /2 ×l y /2 in Fig. 5 . Hence, the voltage drop caused by the resistive loss along the x-directional inductive cell is defined as where
l y 2 , i = 1, 2, 3, and 4 (18b)
I iy = J iy l ix , i = 1, 2, 3, and 4 (18c)
S 1 -S 4 denote the four small rectangular cells, whose currents are J 1y -J 4y , respectively. R 1x -R 4x represent the coupled resistive effect from the y-direction current, and they are equivalent to the coefficients of x-directional CCVSs. According to (17) , the resistive part of the equivalent circuit model can be illustrated as a resistor in series with four CCVSs and is shown in Fig. 6 . The remaining inductive and capacitive branches are the same with that of the nonmagnetized graphene [4] .
B. y-Directional Resistive Cell
Similarly, y-directional circuit model for graphene can be derived using the mesh cell shown in Fig. 7 . The currents are first defined as J y = I y /l x , J ix = I ix /l iy , i = 1, 2, 3, and 4. I y is the current in y-directional inductive cell, and I ix is the current of the ith x-directional inductive cell. l iy is the length of the ith x-directional inductive cell. The areas of four small cells are all l x /2 ×l y /2 in Fig. 7 . Hence, the voltage drop caused by the resistive loss along the y-directional inductive cell is defined as
where R y = ρ yy l y l x (20a) R iy = ρ yx l iy l x l x 2 l y 2 , i = 1, 2, 3, and 4 (20b) I ix = J ix l iy , i = 1, 2, 3, and 4 (20c)
S 1 -S 4 denote the four small rectangular cells, whose currents are J 1x -J 4x , respectively. R 1y -R 4y represent the coupled resistive effect from the y-direction current, and they are equivalent to the coefficients of y-directional CCVSs. According to (19) , the resistive part of the equivalent circuit model can be illustrated as a resistor in series with four CCVSs, as shown in Fig. 8 . The remaining inductive and capacitive branches are the same with that of the nonmagnetized graphene [4] . y-directional graphene cell is studied first. Black big arrows: y-directional current. Red small arrows: x-directional currents. l x and l y denote the length and width of the inductive cell, respectively. The studied inductive cell (in shadows) has constant y-directional current density J y , and this inductive cell is distributed into four nearby x-directional inductive cells, whose current densities are J 1x , J 2x , J 3x , and J 4x , respectively. l 1y , l 2y , l 3y , and l 4y are the widths of these current densities J 1x , J 2x , J 3x , and J 4x , respectively. 
C. Complete Equivalent Circuit for Biased Graphene
By combing the novel circuit model of x-and y-directional resistive part of resistance, the complete equivalent circuit suitable for anisotropic conductivity media is obtained. If four unit cells are placed along the x and y coordinates, the equivalent circuit for these nearby cells (two in x-direction and two in y-direction) is illustrated in Fig. 9 .
In Fig. 9 , an equivalent circuit model for anisotropic graphene is sketched. The circuit elements inside the red rectangular dashed lines form the resistive part of x-and y-directional voltage drop, V x R and V y R . This circuit model is for four nearby cells, which share a common node, and two for x-directional cells and the other two for y-directional cells. In Fig. 9 , the scripts for each cell are omitted for simplicity, and all the elements in the model can be calculated according to the geometry and characteristics of each cell. This model is a combination of Figs. 6 and 8.
D. Proposed Procedure in Magnetized Graphene Modeling
The process of magnetized graphene modeling can be illustrated by a flowchart, as Fig. 10 shows. The basic idea is to combine the equivalent circuit model with anisotropic properties of graphene. Fig. 9 . Schematic of the complete equivalent circuit for anisotropic graphene. This circuit model is for four nearby cells, which share a common node. Two branches are for x-directional cells, and the other two are for y-directional cells. The scripts for each cell are omitted for simplicity. 
IV. NUMERICAL EXAMPLES
A. Finite Size Graphene Patch
To verify the accuracy of the proposed algorithm for the magnetized graphene, a 10 × 2 μm 2 graphene patch is studied first. The graphene patch is biased by a z-directional static magnetic field and is illuminated by a plane wave linearly polarized along the patch length, wherek =ẑ is the direction of propagation. Relaxation time t = 1.3 × 10 −13 s and the magnetostatic bias B 0 = 0.25 T. The absorption cross section and extinction cross section calculated by this proposed equivalent circuit model and discontinuous Galerkin method [19] (DG method) are compared in Fig. 11 .
From Fig. 11 , it can be concluded that the absorption cross section and extinction cross section for the magnetized graphene patch calculated by this method match very well with the DG method, which validates the proposed method in this communication.
The normalized x-directional current distributions on the patch are also depicted in Fig. 12 for μ c = 1.0 eV at the two resonant frequencies f 1 = 3.73 THz and f 2 = 9.20 THz. Since at the resonant frequencies, the current distributions behave like the near field electric field distribution, which illustrates that this model captures the physics very well. Fig. 11 . Comparison of (a) σ abs (absorption cross section) and (b) σ ext (extinction cross section) of the graphene patch calculated with the proposed equivalent circuit method and the DG method [19] . V. CONCLUSION In this communication, a novel circuit method is proposed to characterize the statically magnetized biased graphene. In order to better analyze its anisotropic and dispersive properties, a new equivalent circuit with CCVSs is developed to incorporate the off-diagonal elements of the conductivity tensor. Several examples are presented to verify this method and to illustrate the physical meanings of the CCVSs.
